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MATHEMATICS 
ON THE INTEGRATION OF AHLFORS' INEQUALITY 
CONCERNING COVERING SURF ACES 
BY 
R. J. WILLE 
(Communicated by Prof. H. FREGDENTHAL at the meeting of September 29, 1956) 
L. V. AHLFORS proved in his theory of covering surfaces an inequality 
applicable to analytic functions. By formal integration of this inequality 
we obtain R. NEVANLINNA's second principal theorem on analytic functions. 
But as L. V. AHLFORS already remarked the integration is not allowed 1). 
In this note we shall prove that by integration of L. V. AHLFORS' in-
equality we can derive an inequality which is weaker then the one R. 
NEVANLINNA derived but which is still useful. From it we obtain, for 
instance, quite easily theorems of PICARD-BOREL and R. NEVANLINNA 
on analytic functions of finite order and on the defects of an analytic 
function. 
Although we do not give new theorems we show in this way that the 
classical theorems in their initial formulation can also be founded on the 
theory of covering surfaces. 
First we recall the theorems of L. V. AHLFORS and R. NEVANLINNA. 
Theorem of L. V. AHLFORS: Let E(r)=f(JzJ.;;;;r) be the covering 
surface of a sphere E 0 , induced by the product f of an analytic funticon and 
the stereographic projection on the sphere E 00 Then we have 
(1) 
where 
q>2, 
q 
(q-2)S(r) <I n(r,ai)+O(SH•), 
i~l 
S(r) is the area of E(r) with the area of E 0 as unit, n(r, a) is the multiplicity 
by which E(r) covers the point a of the sphere E 0• 
The inequality is satisfied by all r outside a set of intervals L1 with finite 
logarithmic length. 
Theorem (A) of R. NEVANLINNA: 
q 
(2) (q-2)T(r) <I N(r,ai)+O(lnrT(r}}, 
i-1 
1 ) (R.N.) R. NEVANLINNA, Eindeutige Analytische Funktionen, p. 341. See also: 
(H. \V.) H. WITTICH, N eucre Untersuchungen i'tber eindeutige Analytische Funktionen, 
p. 46. 
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where 
r r 
1'(r) o= J S~t) dt and N(r, a) = J n(t;a) dt, 
0 0 
(If n(O, a)= 0, it is necessary to introduce a modified definition for N(r, a)). 
The inequality is satisfied by all r outside a set of intervals b with finite 
logarithmic length. If the function is of finite order the last term of the in-
equality can be replaced by O(ln r) and the inequality becomes true for all r. 
Now we shall derive from L. V. AHLFORS's inequality the following 
theorem: 
Theorem (B): Let s>O; there exists a set of intervals Ll(e) with 
finite logarithmic length such that 
q 
(3) (q-2) T(r) ~ 1 N(r,ai)+sT(r), 
i~l 
for all r outside Ll(s). 
Proof: Let L11 be the complement of the set L1 of (1). We introduce 
the characteristic functions 
-r(r) = l on L1 and 0 on L111 -r(r) = 0 near 0, 
r1(r)=1 on L11 and 0 on Ll. 
By integration 2) of L. V. AHLFORS' inequality (1) on Ll1 we obtain 
q 
~ 1 N(r,ai)+eT(r), 
i~l 
valid for r>r(s). 
r 
By addition of (q- 2) J S~t) r(t)dt on both sides we find: 
0 
r 
(q- 2) T(r) ~it N(r, ai) + s T(r) + (q- 2) J S~t) r(t) dt, 
0 
from which theorem (B) follows if we show that 
r r 
J S~t) r(t) dt ~ s J S~t) dt 
0 0 
is satisfied by all r outside an open set of finite logarithmic length. 
Here follows the proof: 
Let 
r 
J T(t)d rp(r) = -t- t-slnr. 
0 
2 ) Integrals in this note are of the LEBESGUE type. 
llO 
Since cp is continuous, the set V of values r such that there exists a value 
~<r with cp(~)<cp(r) is an open set. V consists of countably many disjoint 
intervals Jpv, qv[· It is easy to show that cp(pv) < cp(qv) 3 ), from which 
follows: 
qv 
0 ~ cp(q.) - cp(p.) = J T~t) dt- E (ln qv -ln p.) 
or 
qv 
1 J r(t) ln q.-ln Pv ~ "i -t- dt. 
Hence 
00 
"' 1 J r(t) 
..;- (In q.- ln p.) ~ e -t- dt. 
0 
Since Ll has finite logarithmic length the right hand member of this 
inequality if finite ; hence V has finite logarithmic length. 
Let r be a value outside V; then cp( r) < cp( t) for all t.;;;; r or 
1 J r~t) dt ~ e (In r-ln t). 
~-
Since S(t) is an increasing function we have 
1 1 r J ( J r(:) dt) d S(t) ~ e J (ln r -In t) d S(t). 
0 t 0 
Using lim S~t)_ = 0 we find after integration by parts: 
f->-0 .. 
1 1 
J S~t) r(t) dt ~ e J S~t) dt, 
0 0 
This proves theorem (B). 
In order to show the usefulness of theorem (B) we shall prove the 
theorem of PICARD-BOREL. This can be formulated in the following way 4). 
Theorem of PICARD-BOREL: 
1 JN(ta·)a f l h . If t~' ~ 1 • t (,u > 0) is convergent or at east t ree pmnts ~' a2, a3 
r J T(t) • then tP+I ~s also convergent. 
3 
Proof: Let N(r) = ! N(r, ai) and Ll1(e), the complement of Ll(e), the 
i=l 
set of intervals in theorem (B). We define the characteristic function 
3) F. Rmsz, Acta Sci. Math. Szeged, 5, 208-221 (1932). 
4) (R.N.) p. 250. 
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• 1(t, e)= 1 on Ll1(s) and 0 on Ll(s). By integration of the inequality of 
theorem (B) we find: 
r r r 
J ~~I •1 (t, s) dt ~ J ~~I •1 (t, s) dt + s J ~~I •dt, s) dt. (a > 0), 
a a a 
hence: 
r r r 
J T(t) j. N(t) J N(t) (1-s) tl'+l r 1 (t, s) dt ~ ti'+l r 1 (t, s) dt ~ ti'+l dt. 
a a a 
r 
If we take s< 1, then it follows from this inequality that J ~~~ r 1 (t,s) dt 
a 
is convergent. 
Hence to M>O there exists a set of intervals A(M) with finite loga-
rithmic length such that ~ ~ M for all t outside Ll(M). We can suppose 
Ll(e) CLI(M). If we denote the intervals of Ll(M) each by]p, q[, then we have 
00 q q q 
J T(t) r (t s) dt,;::::: L J T(t) dt,;::::: LT(q) f (~J.)~' ~ dt,;::::: M L J ( l + q-p)~' ~ dt tl'+l ' ...._, tl'+l ...._, lql' t t """ p t ' 
a 21 P P 
from which the convergence of the integral on the left hand member 
follows. Hence the integral of the theorem is the sum of two conver-
gent integrals. 
Theorem of R. NEv ANLINN A on the defects of an analytic function 5). 
In order to obtain this theorem we combine theorem {B) with R. 
NEVANLINNA's first principal theorem: 
N(r, a)+m(r, a)=T(r), 
where 
m(r, a)+O(l);;;.O. 
Then we find 
q 
2m(r,ai) ,s;: 2T(r)+sT(r). 
i=l 
Defining <5(a,) = lim m~~~i) {the defect of a,), we find 
·~o 
~ ~( ) li ~ m(r,ai) 2 
.£.. u ai ~ ~ .£.. T(r) ,s;: +e. 
•-1 L'H(•l •=1 
IJ 
Since e>O can be chosen arbitrarily, we have 2 <5(a.).;;;2, from which 
i=l 
00 
it follows in a well known way that 2 <5(a,).;;; 2. This is the theorem on 
i=l 
the defects of an analytic function. 
Remark: we can prove R. NEVANLINNA's first principal theorem 
starting from an identity in the theory of covering surfaces. But it turns 
out that this proof is only a slight modification of the proof L. V. AIILFORS 
and T. SHIMIZU gave of the theorem 6). 
5 ) (R.N.) p. 255 and (H.W.) p. 19. 
6) (R.N.) p. 163 and (H.W.) p. 13. 
